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Abstract. We construct a stochastic flow generated by an SDE 

dif t {x) = a((f t (x))dt + dZ{i\ t > 0, 
ipo(x) = x, x G R, 



where a is a function of bounded variation on R, {Z{i), t > 0} is a symmetric 
stable process with a G (1,2). It is proved that this flow is non-coalescing 



and Sobolev differentiable in x. The representation for the derivative is given. 
Introduction 



Oh 

ri ■ Consider an SDE 



<p t {x)=x+ I a((p s (x))ds + Z(t),t>0, (O.i; 



where x G R, a is a bounded measurable function on R, {Z(t),t > 0} is a 
symmetric stable process with the exponent a G (1, 2), i.e. {Z(t),t > 0} is a 
^ ■ Levy process with its characteristic function being equal to 



Eexp{i\Z(t)} = exp{— ct|A| a }, A G R, 



where c > is a constant. 

It was proved in jE] that there exists a unique strong solution of ( 10.11 ). 
The solution {(p t (x),t > 0} is a strong Markov process (see [32|)- Besides, it 
is continuously dependent on x : 

p 

VT>OVxoGR: sup \<pt(x) — <pt(xo) \ — > 0, x — > xq. 

te[0,T] 

In this paper we construct a modification of {(p t (x)} which is cadlag in t 
and monotonous in x. We prove that if a function a has a locally bounded 
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variation, then {cp t (x)} is Sobolev differentiable in x a.s. and the derivative 
has the following representation 



V^(x) = exp / Lr\y)da{y) , (0.2) 




where Lf^ x \y) is a local time of the process {(p s (x), s G [0,£]} at the point y. 

Formula ( 10.21 ) can be easily explained for a G C 1 (R). Indeed, in this case 
for each u, equation ( 10.11 ) can be considered as an integral equation with con- 
tinuously differentiable coefficients. Then (ft{x) is continuously differentiable 
in x and V(pt{x) := dlf Q^ satisfies the linear equation 

V(p t (x) = l+ [ a'(tp s (x))V(p s (x)ds. (0.3) 
J o 

So 

Vift(x) = exp I a'(v? s (x))ds| . (0.4) 
By the occupation times formula |3], the r.h.s. of ( 10.41 ) is equal to 



exp <^J^a'(y)Lf x \y)dyj = exp ^J^Lf x \y)da(y) 



a.s. 



Remark 1 . All the technical details needed for the existence of local time such 
as the validity of occupation times formula, the existence of the integrals etc. 
will be given in the next sections. 

To prove ( 10.21 ) for a being a function of bounded variation we will use an 
approximation of ( 10.11 ) by SDEs with C 1 drifts. 

If {Z(t),t > 0} is a Wiener process then the similar problem is well-studied 
even for non-additive noises (see for example [21 SI El Ej). Note that most 
techniques used in a Wiener case for non-smooth a (Zvonkin's transformation, 
Tanaka's formula, Girsanov's formula etc.) are inapplicable to a case of Levy 
process. 



1 Construction 

In this section we construct a version of {tp t (x),t > 0} satisfying some mea- 
surability properties and prove existence of a local time for the process (ft(x). 
Put T t = <j{Z{s) : < s < t}. 
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Proposition 1. Let a(x), x G R, be a bounded measurable function. Then 

1) There exists a unique strong solution of (10.11) . i.e. a Tt-adapted cddldg 
process {(p t (x),t > 0} that satisfies (10.11 ) almost surely. 

2) The process {p t {x),t > 0} is continuous w.r.t. x in probability in topology 
of uniform convergence: 

VT>OVa:oGR: sup \<pt(x) — tpt(xo)\ — > 0, x — > xq. (1-5) 

te[o,T] 

3) The process {cp t {x),t > 0} is a homogeneous strong Markov process. It 
has a continuous transition density p t (x , y) . Moreover 

V T > 3 N T = N TMLp V t G (0,71 V X R, y G R : 

Pt(x, y) < — —, rr — , (1.6) 

where a G (1, 2) is a parameter of a stable process {Z(t),t > 0}. 

4) If xi < X2, then 

P{(ft(xi) = (ft(x2), t > o- XuX2 ) = 1, (1.7) 

where 

cr XuX2 = inf{t > : (p t {xi) > yt{x 2 )}. 

5) The process {^(x), t > 0, x G R} can be selected such that 

a) it is monotonous in x : 

Vcjg£1Vxi<X2V£>0: (pt(xi,ou) < (pt(x2,ui); (1-8) 

b) it is cddldg in x for any fixed t and to; 

c) for any T > a map 

[0,T] x R x Q 3 (t,x,uj) i-> (p t (x,uj) 
is B([0,T]) x B(R) x ^T-measurable. 
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Proof. For a proof of 1), 2), see [S], 3) is proved in P, 
Let us prove 4). Since the process 



a) = / (a((p 8 (x 2 )) - a((p a (xi)))ds, t>0, 
Jo 



is continuous in £, then 

a Xl)X2 = wf{t > : (ft(xi) = <Pt{x 2 )}, 
and it is easy to see that the process 



<Pt\xi) := 



(p t (x 2 ),t > a XliX2 , 



is a solution of (10.11 ) with initial value x\. By the uniqueness of the solution 
this implies (11.71) . 

We construct a version of the solution that satisfies properties of the last 
part of Proposition 1. Let Q be a set of full measure such that (10.11 ) and (11.81 ) 
are satisfied for all lu E Q,t > 0, and rational x. The monotonicity and (11.51 ) 
imply that VweQ Vi eQVr>0: 

sup \(p t (x,cu) — ipt(xo,u) \ — > 0, x — > Xo, X G Q. 

te[o,r] 



It is easy to see that 



ip t (x),x G Q and u G £1, 



(pt(x,w) ■= I lim yl* <Pt(y),x i Q and u G Q, 

is a version of {^(x), t > 0, x G E} that satisfies 5). 

The Proposition is proved. □ 

Remark 2. Later on we will always consider a version of {(pt(x)} that satisfies 
5). 

There are a few different approaches to the notion of a local time. We 
consider a local time as a density of the occupation measure. Recall the 
definition and some properties of local times from [21 [3] . 



Let X(t),t > 0, be a measurable function. Define a measure 

v t (A) := \{s:X{s)eA,se [0,*]}, 

where A is a Lebesgue measure. 

If the measure v t is absolutely continuous w.r.t. A, then its Radon- 
Nikodym derivative a(y,t) = dvt ^ is called a local time of X relative to 
[0, t}. In particular, 

v t (A) = f at(y)dy, A e B(R), 

J A 

f t f(X(s))ds= f f(y)Mdy)= [ f(y)<*t(y)dy, (1.9) 

J0 Jr JR 

where / is a measurable function for which at least one integral in ( 11.91) make 
sence. 

Let X(t),t > 0, be a measurable stochastic process. We say that the local 
time of X exists a.s. if almost all trajectories have a local time. 

Assume that for any t\ < £2 < • • • < t n the distribution of (X(ti), . . . , X(t n )) 
is absolutely continuous. Let p(x\, . . . , x n , ti, . . . , t n ) be the corresponding 
density. 

Put 

q t (xi,...,x n )= / ... / p(xi,...,x n ,ti,...,t n )dti...dt n . 

JO JO 

Theorem 1. If for some n > 2 the function q t is continuous, then the local 
time exists a.s., and 

Ea t (xi) ■ a t (x n ) = q t (x u . . . , x n ). (1.10) 

Proof see in [3] . 

Remark 3. It was mentioned in the proof (see also [5], Sect. 25) that 

{2e)- 1 [ t {{x{s) _ yl<E} ds -> a t (y), e -> 0+, (1.11) 
Jo 

in L2-sense for any y G R, and almost surely for A-a.a. y. It follows from 
( 11.111) and standard results on existence of measurable version of a limit (see, 
for example, [Hj), that the local time can be selected measurable in (y,u). 
Only a such modification will be considered further. 



Remark 4. It is sufficient to assume in Theorem [I] that (X(t\), . . . , X(t n )) is 
absolutely continuous for A n -a.a. (ti, . . . ,t n ) G [0,t] n . 

Remark 5. Note that if the local time exists a.s., then (11.91 ) is satisfied with 
probability one for any measurable non-negative function /. The exceptional 
set is independent of /. 

Let us return to equation (10.11 ). 

Proposition 2. There exists a process a x (y,t),x G R, y G R, t > 0, such 
that 

1) for any fixed x : a x (y,t) is a local time of cp s (x),s G [0,t]; 

2) a x (y,t) is measurable in (x,y,uj,i); 

3) for any x G R, t > 0, a map y i— ¥ a x (y,t) is continuous in L<i. 

Proof. The existence of the local time for fixed x follows from Theorem Q] and 
Proposition [H Indeed, let n = 2, then 

p(x 1 ,x 2 ,t 1 ,t 2 ) = p tl (x,x 1 )pt 2 -t 1 (xi,x 2 ) < 

<{N t )h\-^{t 2 -t l r^ = 

= (N t )H^ (ta - ti) - -, < h < t 2 < t. 



Observe that 



'0 J 



(N t )\ a (t 2 -t 1 )~dt 1 dt 2 = 

= {N t ) 2 I I (zt 2 )-"{t 2 - zt 2 )-«t 2 dzdt 2 = 
Jo Jo 

= (N t ) 2 [ t\~«B ( 1 - 1 - dt 2 < oo. (1.12) 
J \ a aj 

Above we have used that < 1 — - and 1 — - > — 1 because a G (1, 2). 

The continuity of qt follows from the Lebesgue dominated convergence 
theorem. 

Remark E] allows us to select a measurable in (x,y,w,i) modification. 
The Proposition is proved. □ 

Remark 6. The local time from Proposition [2] coincides with that obtained by 
N.I.Portenko [ID], who considered it as a VF-functional from Markov process. 
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In the following statement we obtain the exponential integrability of the 
local time. 

Proposition 3. For any t > 0, p > 0, there exists c = c{t, ||a||oo ? p) such that 

Vi,i/GR Eexp{pa x (y,t)} < c. (1.13) 

A possible way to prove (11.131) is to expand the exponent in a Taylor 
series, then to use estimate (11.61) . and to make calculations similar to (11.121) 
and formula (11.101) . However it is easier to apply the following result of 
N.I.Portenko. 

Lemma 1. Assume that {j3(t),t G [0, T]} is a non-negative measurable pro- 
cess adapted to a flow {Tt^t G [0, T}}. Assume that for < s < t < T 



E^jy{r)drlT\<p{s,t), 



where p(s,t) is a non-random integral function satisfying the following con- 
ditions 

a) p(ti,t 2 ) < p(h,t 4 ) if(t lj t 2 ) C (t 3 ,t 4 ); 

b) lim/4oSup < s <^/)(s,f) = 0. 
Then for any A 

£exp /S(r)dr| < c, 

where c depends only on A, T and p. 

See [13], Lemma 1.1 or [TI] . Lemma 1 for the proof. 

Let now (3 £ (t) = (2e)~ 1 ti ipt ^ x y y ^ <£ . Similarly to (11.121) we obtain that uni- 
formly in x, ;?/, e 

E n {2e)- 1 t WAx) _ y \ <£ dr / = 

fts ry+e 

= / / (2£)~ 1 p r ((p s (x),u)dudr < 

J0 Jy-e 

< / -irrdr = N T (t - s)— . = : p ( 8 ,t), < s < t < T. 

Jo r~ \ a - l J 

This implies the uniform in x, y, e estimate of 

-t 



Eexpl\J (2s) l t\^ x y y \ <£ ds 



To conclude the proof, it remains to make e — > and apply Fatou's lemma 
Proposition EH is proved. 



2 Representation of the derivative 



Consider equation ( 10.11 ). Assume that a is continuously differentiable. Then 
for each u G Q, ( 10.11 ) can be considered as an integral equation with C l - 
coefficients. So <pt(x) is differentiable in x and W(ft(x) = d<fi Q^ satisfies a 
linear equation 



V(pt(x) = 1 + / d(ip s (x))\7ip s (x)ds. 
Jo 



Thus 



vVtfx) = exp jy a'((f s (x))dsj . 
Applying ( 11.91 ) and Proposition |2] we get 

V(f t (x) = exp |y a'(y)a x (y, t)dy^ =exp^J a x (y, t)da(y) J a.s. 

Note that generally speaking the exceptional set depends on x and t. By 
Fubini's theorem 

P | Vift(x) = exp |y 0^(3/, t)<i(2(|/)| for A-a.a. x | = 1. (2-14) 

We will justify representation ( 12.141 ) for solution of ( 10.11 ). where a function 
a is not necessarily C , but it has a finite variation. We need some definitions 
and facts on Sobolev spaces. 

Definition 1. A function / : [a, b] — > R belongs to a Sobolev space W^Qa, &]), 
p > 1, if / has an absolutely continuous modification and 4^ G L p ([a, 6]). 



Put 



p,i ll/llw^([a,6]) : ~ ||/IU P (M]) 



4f 



L p ([a,6]) 



It is well known that (W^Qa, &]), || • \\ Pi i) is a Banach space. So if {f n } C 
W3([a, b}) is such that 

df n 



f n -> /, and 



dx 



g as n — > oo in L 



pi 



2.15) 



then 

f€W}([a,b]), = (2.16) 

Definition 2. A measurable function / : R — > R belongs to the space WL 0C 
if its restriction to any segment [a, b] lies in W^([a, b}). 

The main result of the paper is the following theorem. 

Theorem 2. Assume that a(x), x G R, is a measurable bounded function 
and its restriction to any interval has a finite variation. Then G Wp loc 
for any p > 1 a.s. and representation (12.141 ) holds true for any t > 0. 

Corollary 1. For all {x\,X2} C R, x\ ^ X2, 

p&tM^fptfa), t>o} = i. 

This result can be obtained similarly to that of Theorem 1. 

Proof of Theorem [E Assume at first that a is a function of bounded variation. 
Set 



where 



a n (x) := / a(y)g n (x - y)dy, 
Jr 

g n (x) = ng(nx), g G Cq°(R), g > 0, and / g(z)dz = 1. 

Jr 

Then 

sup |a n (x)| < Halloo = sup |a(x)|, 

n,x x 

a n G C°°(R), a n (x) — > a(x),n — > oo, for all points of continuity of a, and 

Var(a n ) < Var(a). (2.17) 

Let (Pt(x) be a solution of (10.11 ) with a n instead of a, a™(y,t) be its local 
time. Then 

P | V(ft(x) = exp [J a™(y, t)da n (y)\ for A-a.a x| = 1. 
It follows from [B] that 



p 



V x V T > : sup \<p?{x) - <p t (x)\ A 0, n -> oo. 
te[o,T] 



The uniform boundedness of {a n } implies 



V p > 1 : sup sup E\(ft(x) — (ft(x)\ p < oo. 
x te[o,T] 



So 



J a 

for any t > 0, a < b. 

Prove that Vp>0Va<6Vt>0 

rb 



x) — tp t {x)\ p dx — V 0, n — > oo 



E 



expjy a^(2/,t)da„(?/)| - exp jjf a x (y,t)da(y) 



dx — > 0, n — > oo, 



By Proposition El (12.171 ), and Jensen's inequality, it suffices to check the 
convergence 

\/x,t: / a 7 *(y,t)da n (y) -> / a x (y,t)da(y), n ^ oo, 

in probability or in L2— sense. 

Assume at first that the function a has a finite support. Let be such 
that supp a C [— -R, supp a n C [— -R, i?]. 

For simplicity denote a by ao and a by a . 

Let —it! = yo < y\ < . . . < y m = R be a dissection of [-R, R]. Then 



E 



a%(y,t)da n (y) - / a x (y,t)da(y) 



* E £ 

0<j<m 

+ E* 

0<7<m 

+ E* 

0<j<m 

+ E* 

0<j<m 



-i? 



-1? 



< 



rvs+i ( P +1 a n r (z,i)dz 
l y la n x (y,t)- Jvi Ay _ )da n (y) 



'V3 

[ Vj+1 ( 5y- +1 a x{z,t)dz 



da n (y) 



A Vj 

( Iy- +1 a x {z,t)dz 



' Vj 



(da n (y) - da(y)) 



a x (y,t) \ da(y) 



+ 



+ 



+ 



< 
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< 2 sup max sup E 

l> a<j<m ye[ y. : y. +l] 



J y y ^a l x (z,t)dz 



Var ai 



+ max E 

0<j<m 



rvj+i rvj+i 

/ a™{z,t)dz — / cx x (z, t)dz 

Vj Jy 3 



Var a r 



min <j< m -i Ayj 



a x (z,t)dz^ 

+ max E— } \A k a n - A k a \ = h + h + ^3, 

o<j< m Ayj z - rf 



(2.18) 



fc=0 



where Ayj = y j+ i - yj; A k a n = (a n (y k+1 ) - a n (y k )). 
Estimate each term in the r.h.s. of (12. 181 ) . 

By (11.101 ) and (11.61 ). for any fixed t > 0, x G R, the processes a l x (y, t),y G 
[— R, R], are equicontinuous in L<i (and so in Li) uniformly in / > 0, i.e. 
Ve>OV/>03(5i = S^e) > V {y',y"} C [-fl, R], \y' - y"\ < S : 



E{a l x {t,y')-a l x {t,y")f<e. 



Hence, if maxo<j< TO \yj+\ — yj\ < Si, where Si = Si (e/(6sup; >0 Vara/)) then 
the term Ii in (12.181 ) is less than |. 

Consider Ii- By the definition of the local time (see 11.91 ): 



a x (z, t)dz 



]dz a.s. 



y.i 



Therefore, 



E 



rvj+i rvj+i 

I a x (z,t)dz — / a x (z,t)dz 



<E \t 
Jo 



tPzixMVjM+i] ^■ < Pz(xMy j ,y j+ i]\ dz. 



Taking into account that by [8] , 



p 



we get 



sup \y n z {x) - (f z (x) \ 0, n ->• oo, 
ze[o,t] 



\*(*)t{vj,Vj+i} (^I'Wefc.i/j+i] ^y z {x)e[ yj ,y j+ i]) -> °, n ->• oo, 
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for any z. 
Since 



feM%+i} 



Ea x (z, t)dz = 0, 



we have the convergence 

{&^{x)e[ yj ,y j+1 ] - l^(x)e[ yj ,y J+1 ]) 0, n -> oo, 
and consequently the convergence 



Recall that 



a x (z, t)dz 



Vj 



Vi 



0, n 



oo. 



;2.19) 



[2.20) 



if y is a point of continuity of ao- Let us select a dissection {yk} such that all 
{yk\ are points of continuity of ao, and maxj Ayj < S\. Use (12.191 ) and (12.201 ) 
and select no such that for any n > no : 



sup >0 Var a p 

— — ■ max b 

min <j< m Ayj o<j<m 



a x (z, t)dz 



< 



e 



and 



m— 1 



sup £) • 2^ | A fc a n - A fc a | < ^ 



-R<z<R 



k=0 



So the r.h.s. of (12.181 ) is less than e and the theorem is proved for finite a. 
Let now a be an arbitrary function that satisfies conditions of Theorem EI 
Let g G Co°(R); g(x) = 1, \x\ < 1. Put g n (x) = g(x/n), a n (x) = ^ n (x)a(a;). 

Let ^(x) be a solution of (10.11 ) with a drift coefficient equal to a n . 
Observe that by uniqueness of the solution we have the equality 



<Pt( x ) = <Pt{x) 



(2.21) 



for a. a. to from the event {sup ze [ 0j t] 1^(^)1 < n }- 

Let [c, d] be an arbitrary interval. Denote no = no(w) = max zG [o 5 <](|^ z (c)| + 
Making use of (12.211 ). Proposition (TJ and Fubini's theorem we obtain 



12 



the equality (ft{x) = ¥>t(x) valid for all n > no, a.a. u, and A-a.a. x G [c,d\. 
Since a n is finite, (ft(-) G W^([c, a.s. Thus <^ f (-) G W^([c, d}) a.s. and 
its derivatives coincide a.s. with that of tp™ if n > Uq. The definition of the 
local time entails that a™(y,t) = a x (y,t), n > no, for A-a.a. y G [c,d\ with 
probability 1. So formula (12.141 ) holds true. 

Theorem [2] is proved. □ 
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